Abstract. We examine the dynamics of a magnetic dipole in a Static electric field. Applications of interest are the Aharonov-Casher eff'ect and spin-orbit coupling. The ideal Aharonov-Casher effect is shown to involve a correlation between the moving particle and the internal coordinates of a voltage sourcc. A similar relation has been demonstrated in the Aharonov-Bohm experiment. We also give a simple derivation of spin-orbit coupling based purely on non-relativistic physics.
Introduction
Recent interest in the Aharonov-Casher effect [l] is the stimulus for a fresh look at the general problem of moving magnetic moments in static electric fields. We restrict our attention to two specific examples: (I) the Aharonov-Casher effect, and (2) spin-orbit coupling.
We will show that both problems can be treated in a direct way, strictly within the framework of nonrelativistic theory and without reference to hidden momenta.
The Aharonov-Casher effect
A few years ago, Aharonov and Casher [I] showed that a magnetic dipole (a neutron) aligned parallel to a static line charge (a charged wire) will experience no force, hut paths in the plane perpendicular to the line charge passing it on opposite sides lead to a relative quantum phase shift. This effect has been verified experimentally action energy is then given by
The force law is obtained from this velocity-dependent potential from the relation The point we wish to make here is that the interaction of equation (2) also may be written as where Q(z) is the electrostatic potential due to the dipole P a t points along the z axis. If the line charge A is not to be redistributed along the conducting wire (the theory assumes that i remains constant!), the power source (or better, sources distributed along the wire) must supply an additional electric field that cancels the z component of the electric field of the neutron. The sources must therefore provide an energy given by the negative of equation (7).
In quantum theory, this is a troublesome situation. Equation (2) shows that U has a different sign on different sides of the wire. This indicates a correlation between the position of the neutron and the state (higher or lower voltage output) of the power supply.
Quantum theory dictates that the neutron may not be treated as an isolated particle, since it is correlated with the state or conditio11 of its surroundings. A similar situation arises in the Aharonov-Bohm effect In the AC case, the Lagrangian is given by
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The canonical momenta are
In analogy with the AB case, one can now simply write down the topological phase factor (which appears in path integral calculations) for the AC case:
This is the AC result.
Spln-orbit coupllng as a non-relativistic effect
The interaction energy of equation (2) has a long history in physics. It can be applied to the problem of spin-orbit coupling, if p is the electron magnetic moment. The interaction is the same in the rest frame of the moving electron as it is in the rest frame of the nucleus. It was used by Frenkel [I21 in 1926 in a derivation of Thomas precession [13] . (This is the precession of the electron spin in the instantaneous rest system of the centre of mass of the moving electron). Our purpose here is to demonstrate that spin-orbit coupling can be derived entirely in the framework of non-relativistic theory. One need not make use of either the Dirac equation or of Lorentz transformations.
To first order in wlc, we may treat U as being time independent. The magnetic moment p is not a fixed vector, but dpldr depends again upon the interaction U and hence corrections to U due to the motion of p are of order vz/cz. This makes possible a comparison of equation (2) with the electromagnetic interaction of a charged particle, Comparison indicates that we may formally consider the problem as an electromagnetic one in which there is an effective vector potential which gives an effective magnetic field
In the last step of equation (12), we have omitted a term B:R = ( p / e ) ( V . E ) . I n the absence of screening, such a term can affect only S states, and hence is of no interest for spin-orbit coupling. It is intriguing to note thatwriting -p'B&givesthe Danvinterm[14]npto a factor of the order of unity. We leave it lo the reader to investigate whether this is more than a mere coincidence.
In the screened Coulomb case, let E(r) = rf(r).
Then
If there is no screening, thenf(r) = q / r l , and
The last expression is just q multiplied by the magnetic field at the origin due to a magnetic moment p at the point r .
The average value of B,, experienced by the electron in its orbit is thus since a term proportional to Pcannot contribute to the precession (see equation (17)).
We may now simply adopt the theory of Larmor precession [IS] and observe that the orbit will precess S M AI-Jaber el a1
with the angular frequency The Thomas precession is given by [I61
The kinetic energy in the rest frame of the nucleus (laboratory inertial frame) is
to first order in wL. In the above, v' is the velocity of the electron in the rotating (and thus non-inertial) frame.
The spin-orbit coupling now emerges a s a correction to the kinetic energy due to the Larmor precession of the electron orbit. The essential point here is that the kinetic energy that is relevant to the internal dynamics of the atom is the kinetic energy in the rotating system. In the rotating frame,
Equation ( Zeeman effect on the electron's orbital motion due to the average magnetic field produced by its magnetic moment.
